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This paper gives an overview on some topics concerning compact homogeneous
CR manifolds, that have been developed in the last few years. The algebraic struc-
ture of compact Lie group was employed in [3] to show that a large class of compact
CR manifolds can be viewed as the total spaces of fiber bundles over complex flag
manifolds, generalizing the classical Hopf fibration for the odd dimensional sphere
and the Boothby-Wang fibration for homogeneous compact contact manifolds (see
[6]). If a compact group K0 acts as a transitive group of CR diffeomorphisms of
a CR manifold M0, which is n-reductive in the sense of [3], one can construct a
homogeneous space M− = K/V of the complexification K of K0 such that the map
M0 → M− associated to the inclusion K0 ֒→ K is a generic CR embedding. The
manifold M− is algebraic over C and a tubular neighborhood of M0. For instance, if
M0 is the sphere S 2n−1 in Cn and K0 = SU(n), the embedding M0 ֒→ M = CPn is
useful to compute the maximal group of CR automorphisms of M0 (see [10, 11]),
while the embedding M0 ֒→ M− = Cn \{0} better reflects the topology and the CR
cohomology of M0. Thus, for some aspects of CR geometry, we can consider M−
to be the best complex realization of M0. This is the essential contents of the PhD
thesis of the first Author ([18]): his aim was to show that, in a range which depends
on the pseudoconcavity of M0, the groups of tangential Cauchy-Riemann cohomol-
ogy of M0 are isomorphic to the corresponding Dolbeault cohomology groups of
M−. The class of compact homogeneous CR manifolds to which this theory ap-
plies includes the intersections of Matsuki dual orbits in complex flag manifolds
(cf. [21]).
The paper is organized as follows. In the first section we discuss some basic facts
on compact homogeneous CR manifolds, including Matsuki duality and the notion
of n-reductivity. The second section describes K0-covariant fibrations M− → M0
and, under a special assumption on the partial complex structure of M0 (that we
call HNR), results on the cohomology, which in part are contained in [18] and have
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been further developed in [19]. In a final section we discuss a simple example of
n-reductive compact CR manifolds which are intersections of Matsuki dual orbits.
1. Compact homogeneous CR manifolds
A compact homogeneous CR manifold is a CR manifold M on which a compact
Lie group K0 acts transitively as a group of CR diffeomorphisms. Its CR structure is
uniquely determined by the datum, for the choice of a base point p0 of M, of the CR
algebra (κ0, v), where κ0 = Lie(K0) and v = dpi−1(T 0,1p0 M), for the complexification
dpi of the differential of the canonical projection pi : K0 ∋ x → x · p0 ∈ M. We
recall that, by the formal integrability of the partial complex structure of M, the
subspace v is in fact a Lie subalgebra of the complexification κ of κ0 . These pairs
where introduced in [22] to discuss homogeneous CR manifolds and the compact
case was especially investigated in [3].
1.1. Lie algebras of compact Lie groups. Compact Lie algebras are character-
ized in [8] by
Proposition 1.1. For a real Lie algebra gu the following are equivalent:
(1) gu is the Lie algebra of a compact Lie group;
(2) the analytic Lie subgroup Int(gu) of GLR(gu) with Lie algebra ad(gu) is
compact;
(3) on gu a symmetric bilinear form can be defined which is invariant and
positive definite;
(4) gu is reductive, i.e. its adjoint representation is semi-simple and, for ev-
ery X ∈ gu the endomorphism ad(X) is semisimple with purely imaginary
eigenvalues;
(5) gu is reductive with a negative semidefinite Killing form. 
1.2. Complex flag manifolds. Let Gu be a compact Lie group, with Lie algebra
gu. The negative of the trace form of a faithful representation of gu yields an invari-
ant scalar product b on gu, that we use to identify gu with its dual g∗u. In particular,
the coadjoint orbits of Gu are canonically isomorphic to the adjoint orbits in gu.
We follow [16, §5.2]. Fix an element H0 ∈ tu with ad(H0) of maximal rank. Then
the commutant
tu = {H ∈ gu | [H0, H] = 0}
is a maximal torus of gu. Denote by TH0 = {x ∈ Gu | Ad(x)(H0) = H0} the
corresponding torus of Gu. The Weyl group WH0 is the quotient of the normalizer
NGu(tu) = {x ∈ Gu | Ad(x)(tu) ⊂ tu} = {x ∈ Gu | [Ad(x)(H0), H0] = 0} with respect
to TH0 .
We set g = C⊗Rgu, hR = itu and denote by R the set of nonzero α ∈ h∗R such
that gα = {X ∈ g | [H, X] = αX, ∀H ∈ hR} , {0}. We choose a system of simple
roots α1 . . . , αℓ in R with α j(iH0) > 0 for j = 1, . . . , ℓ, and denote by
C(H0) = {X ∈ hR | αi(X) > 0, 1 ≤ i ≤ ℓ}
the corresponding positive Weyl chamber.
Lemma 1.2. Every adjoint orbit M in gu intersects iC(H0) in exactly one point.
Proof. Let f (X) = b(X, H0). Since M is compact, f has stationary points on M. A
stationary point X0 is characterized by
d f (X0) = 0 ⇐⇒ 0 = b([X, X0], H0) = b(X, [X0, H0]), ∀X ∈ gu ⇐⇒ X0 ∈ tu.
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This shows that the intersection M ∩ tu is not empty and all its points are critical
for f . On the other hand, if Ad(x)(X0) ∈ tu, we can find x′ ∈ Gu with Ad(x′)(X0) =
Ad(x)(X0) and Ad(x)(tu) = tu, so that the Weyl group is transitive on M ∩ tu. 
Proposition 1.3. Let Gu be a connected compact Lie group. Then:
(1) For each Υ ∈ gu the stabilizer E(Υ) = {x ∈ Gu | Ad(x)(Υ) = Υ} of Υ
contains a maximal torus of Gu.
(2) If T0 is any fixed maximal torus in Gu, then there are finitely many sub-
groups A0 with T0 ⊆ A0 ⊆ Gu.
(3) There is a unique maximal orbit M whose stabilizer at each point is a
maximal torus of gu. 
Definition 1.1. A flag manifolds of Gu is an orbit of its adjoint action on gu.
Theorem 1.4. On a flag manifold M of Gu it is possible to define a complex struc-
ture and a Gu-invariant Ka¨hler structure.
If T is a maximal torus of Gu, the Weyl group W (T,Gu) act transitively on the
Gu-invariant complex structures of M.
Proof. Fix a point p0 of M, corresponding to Υ0 ∈ gu. The stabilizer EGu(Υ0)
contains a maximal torus T and therefore there are finitely many parabolic subal-
gebras q of the complexification g of gu with q ∩ gu = stabgu(Υ0) (the Lie algebra
of EGu(Υ0)). Each q corresponds to a different Gu-invariant complex structure on
M, and the Weyl group W (T,Gu) act transitively on the q’s. 
Let G, with Lie algebra g, be the complexification of Gu . The analytic subgroup
Q corresponding to the subalgebra q in the proof of Theorem 1.4 is parabolic and
the complex structure of M is also defined by its representation M ≃ G /Q as a
complex homogeneous space. Vice versa, if Q is parabolic in G, the homogeneous
space G /Q is Gu-diffeomorphic to a flag manifold of its compact form Gu .
1.3. Matsuki’s Dual Orbits. Let G0 be any real form and Gu a compact form of
of a semisimple complex Lie group G, with K0 = G0 ∩Gu a maximal compact
subgroup of G0 and σ, τ the commuting conjugations on G, and on its Lie algebra
g, with respect to G0 and Gu, respectively. The composition θ = σ ◦ τ is the
complexification of a Cartan involution of G0 (and of its Lie algebra g0) commuting
wiht σ and τ. The complexification K of K0 is the subgroup Gθ of the elements
x ∈ G which are fixed by θ.
Let Q be a parabolic subgroup of G and consider the actions of the Lie groups
G0, K, K0 on the complex flag manifold M = G /Q.
Notation. For p ∈ N = G /Q, let us set
M+(p) = G0 ·p ≃ G0 /E0, with E0 = {x ∈ G0 | x · p = p},(1.1)
M−(p) = K · p ≃ K/V, with V = {z ∈ K | z · p = p},(1.2)
M0(p) = K0 · p = K0/V0, with V0 = {x ∈ K0 | x · p = p}.(1.3)
We note that M+(p) are real, M−(p) complex and M0(p) compact submanifolds of
M, and denote by M+,M−,M0 the sets of orbits of G0,K,K0 in M, respectively.
We know (see [20, 21, 26]) that
Theorem 1.5. There are finitely many orbits in M+ and in M−.
There is a one-to-one correspondence M+ ↔ M− such that M+(p+) and M−(p−)
are related if and only if M+(p+) ∩ M−(p−) = M0(p0) ∈ M0 (Matsuki duality).
4 S.MARINI AND M. NACINOVICH
The proof of Theorem 1.5 is done by considering the elements of M± in the
Grassmannian of dim(q)-subspaces of g. On each orbit we can pick a q′ contain-
ining a θ-stable Cartan subalgebra of g. The fact that M± is finite is then a conse-
quence of the fact that there are only finitely many congjugacy classes of Cartan
subalgebras with respect to the action of either G0 or K (see e.g. [17, Prop. 6.64]).
The last part of the statement is a consequence of the following
Lemma 1.6. Let b and b′ be Borel subalgebras containing θ-stable Cartan subal-
gebras of g0. If b and b′ are either G0- or K-conjugate, then they are K0-conjugate.
Proof. Let b = h ⊕ n and b′ = h′ ⊕ n′, where h and h′ are the complexifications
of θ-stable Cartan subalgebras h0 and h′0 of g0 and n, n
′ the nilradicals of b, b′,
respectively.
Assume that b = Ad(g0)(b′), for some g0 ∈ G0. The proof in the case where
b = Ad(k)(b′) for some k ∈ K is similar, and will be omitted.
Both Ad(g0)(h′0) and h0 are Cartan subalgebras of b∩ g0, which is a solvable Lie
subalgebra of g0. Hence Ad(g0)(h′0) = Ad(exp(X0))(h0) for some X0 in the nilradi-
cal of b∩ g0. For g1 = exp(−X0) · g0, we have Ad(g1)(h′0) = h0 and Ad(g1)(b′) = b.
To show that g1 ∈ K0, we use the Cartan decomposition G0 = exp(p0) · K0,
where p0 = {Y ∈ g0 | θ(Y) = −Y}, to write g1 = exp(Y0) · k0, with Y0 ∈ p0 and
k0 ∈ K0. From
Ad(g1)(h′0) = h0 = θ(h0) = θ(Ad(g1)(θ(h′0)) = Ad(θ(g1))(h′0)
we obtain that
Ad(exp(Y0))(Ad(k0)(h′0)) = Ad(exp(−Y0))(Ad(k0)(h′0)),
i.e. y0 = Ad(exp(2Y0)) normalizes the θ-stable Cartan subalgebra Ad(k0)(h′0). This
implies that y0 ∈ K0 and thus that Y0 = 0, yielding g1 = k0 ∈ K0. 
From Lemma 1.6 we immediately obtain the statement on the Matsuki duality in
the case where Q is a Borel subgroup B. The general case follows by considering
the natural fibration G /B → G /Q for a Borel B ⊂ Q. 
1.4. CR Manifolds. Let M0 be a smooth manifold of real dimensione m, count-
able at infinity. A formally integrable partial complex structure of type (n, k) (with
m = 2n + k) on M0 is a pair (HM0, J), consisting of a rank 2n vector subbundle
HM0 of its tangent bundle T M0 and a smooth fiber-preserving vector bundle iso-
morphism J : HM0 → HM0 with J2 = −I, satisfying the integrability conditions



[X, Y] − [JX, JY] ∈ Γ(M0, HM0),
[X, JY] + [JX, Y] = J([X, Y] − [JX, JY]), ∀X, Y ∈ Γ(M0, HM0).
This is equivalent to the fact that the subbundles T 1,0M0 = {x − iJX | X ∈ HM0},
T 0,1M0 = {x + iJX | X ∈ HM0} of the complexification C⊗HM0 of the structure
bundle HM0 are formally Frobenius integrable, i.e. that
[Γ(M0, T 1,0M0), Γ(M0, T 1,0M0)] ⊂ Γ(M0, T 1,0M0),
or, equivalently, that
[Γ(M0, T 0,1M0), Γ(M0, T 0,1M0)] ⊂ Γ(M0, T 0,1M0).
ORBITS OF REAL FORMS AND MATSUKI DUALITY 5
These complex subbundles are the eigenspaces of J corresponding to the eigenval-
ues ±i and T 1,0M0 = T 0,1M0, T 1,0M0∩T 0,1M0 = {0}, T 1,0M0⊕T 0,1M0 = C⊗HM0.
An (abstract) CR manifold M0 of type (n, k) is a smooth paracompact real mani-
fold M0 on which a formally integrable partial complex structure (HM0, J), of type
(n, k), has been fixed. The integers n and k are its CR dimension and codimension,
respectively. Complex manifolds have k = 0, while for n = 0 we say that M0 is
totally real.
A smooth map f : M0 → N0 between CR manifolds is CR iff its differential d f
maps HM0 to HN0 and commutes with the partial complex structures.
If f : M0 → N0 is a CR map and a smooth immersion (resp. embedding) such
that d f −1(HN0) = HM0, then we say that f is a CR immersion (resp. embed-
ding). Let M0 be of type (nM0 , kM0 ) and N0 of type (nN0 , kN0). A CR immersion (or
embedding) f : M0 → N0 is generic if nM0 + kM0 = nN0 + kN0 .
The characteristic bundle H0M0 of a CR manifold M0, of type (n, k), is the
annihilator bundle of its structure bundle HM0. It is a rank k linear subbundle of
the real cotangent bundle T ∗M0. Its elements parametrize the scalar Levi forms of
M0: if ξ ∈ H0p0 M0 and X ∈ Hp0 M0, then
Lξ(X) = d˜ξ(X, JX) = ξ([J ˜X, ˜X]),
where ˜ξ ∈ Γ(M0.H0M0) extends ξ and ˜X ∈ Γ(M0, HM0) extends X, is a quadratic
form on Hp0 M, which is Hermitian with respect to the complex structure defined
by J. This Lξ is the scalar Levi form at the characteristic ξ.
If ˜Z = ˜X + iJ ˜X ∈ Γ(M0, T 0,1M0), then Lξ(X) = 12ξ(i[ ˜Z∗, ˜Z]) and therefore we
can as well consider the scalar Levi forms as defined on T 0,1p0 M0.
Let λ(α) = (λ+(ξ), λ−(ξ)) be the signature of the Hermitian form Lξ. Then νξ =
min{λ+(ξ), λ−(ξ)} is its Witt index.
We say that M0 is strongly q-pseudoconcave at a point p0 if the Witt index of
Lξ is greater or equal to q for all nonzero ξ ∈ H0p0 M0.
For the relevant definitions of the tangential Cauchy-Riemann complex and the
relationship of its groups with q-pseudoconcavity we refer e.g. to [1, 2, 4, 9, 13,
14, 15, 25].
1.5. Homogeneous CR Manifolds. Let G0 be a real Lie group with Lie algebra
g0, and denote by g = C⊗g0 its complexification. A G0-homogeneous CR manifold
is a G0-homogeneous smooth manifold endowed with a G0-invariant CR structure.
Let M0 be a G0-homogeneous CR manifold. Fix a point p0 ∈ M0 and denote by
E0 its stabilizer in G0. The natural projection
π : G0 −→ G /E0 ≃ M0,
makes G0 the total space of a principal E0-bundle with base M0. Denote by Z(G0)
the space of smooth sections of the pullback to G0 of T 0,1M. It is the set of complex
valued vector fields Z on G0 such that dπC(Zg) ∈ T 0,1π(g)M0, for all g ∈ G0 .
Since T 0,1M is formally integrable, Z (G0) is formally integrable, i.e.
[Z(G0),Z(G0)] ⊂ Z(G0).
Being invariant by left translations, Z(G0) is generated, as a left C∞(G0)-module,
by its left invariant vector fields. Hence
(1.4) e = (dπC)−1(T 0,1x0 M) ⊂ g = TCe G0
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is an Ad(E0)-invariant complex Lie subalgebra of g. We have:
Lemma 1.7. Denote by e0 the Lie algebra of the isotropy subgroup E0. Then
(1.4) establishes a one-to-one correspondence between the G0-homogeneus CR
structures on M0 = G0 /E0 and the Adg(E0)-invariant complex Lie subalgebras e
of g such that e ∩ g0 = e0. 
The pair (g0, e) completely determines the homogeneous CR structure of M0 and
is called the CR-algebra of M0 at p0 (see [22]).
Let M0, N0 be G0-homogeneous CR manifolds and φ : M0 → N0 a G0-equi-
variant smooth map. Fix p0 ∈ M0 al let (g0, e) and (g0, f) be the CR algebras
associated to M0 at p0 and to N0 at φ(p0), respectively. Then e∩ e ⊂ f∩ f, and φ is
CR if and only if e ⊂ f and is a CR-submersion if and only if f = e + f ∩ f.
The fibers of a G0-equivariant CR submersion are homogeneous CR manifolds:
if F0 is the stabilizer of φ(p0) ∈ N0, with Lie algebra f0 = f ∩ g0, then Φ0 =
φ−1(φ(p0)) ≃ F0/E0 has (f0, e ∩ f) as associated CR algebra at p0.
Corollary 1.8. A CR-subbmersion φ : M0 → N0 has :
(1) totally real fibers if and only if e ∩ ¯f = e¯ ∩ f = e ∩ e¯ ;
(2) complex fibers if and only if e ∩ ¯f + e¯ ∩ f = f ∩ ¯f. 
1.6. n-reductive compact CR manifolds. Let κ be a reductive complex Lie alge-
bra and
κ = z ⊕ s
its decomposition into the sum of its center z = {X ∈ κ | [X, Y] = 0, ∀Y ∈ κ}
and its semisimple ideal s = [κ, κ]. We fix a a faithful linear representation of κ in
which the elements of z correspond to semisimple matrices. We call semisimple
and nilpotent the elements of κ which are associated to semisimple and nilpotent
matrices, respectively. Each X ∈ κ admits a unique Jordan-Chevalley decomposi-
tion
(1.5) X = Xs + Xn, with Xs, Xn ∈ κ and Xs semisimple, Xn nilpotent.
A real or complex Lie subalgebra v of κ is called splittable if, for each X ∈ v,
both Xs and Xn belong to v.
Let v be a Lie subalgebra of κ and rad(v) its radical (i.e. its maximal solvable
ideal). Denote by
(1.6) vn = {X ∈ rad(v) | ad(X) is nilpotent}
its nilradical (see [12, p.58]). It is the maximal nilpotent ideal of v. We have (see
[7, Ch.VII,§5,Prop.7]):
Proposition 1.9. Every splittable Lie subalgebra v is a direct sum
(1.7) v = vr + vn,
of its nilradical vn and of a reductive subalgebra vr, which is uniquely determined
modulo conjugation by elementary automorphisms of v. 
We assume in the following that κ is the complexification of a compact Lie
algebra κ0. Since compact Lie algebras are reductive, and the complexification of
a reductive real Lie algebra is reductive, κ is complex reductive. Conjugation in κ
will be taken with respect to the real form κ0.
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Proposition 1.10. For any complex Lie subalgebra v of κ, the intersection v ∩ v¯
is reductive and splittable. In particular v ∩ v¯ ∩ vn = {0}. A splittable v admits a
Levi-Chevalley decomposition with a reductive Levi factor containing v ∩ v¯. 
Let M0 be a K0-homogeneous CR manifold, p0 ∈ M0 and (κ0, v) its CR algebra
at p0.
Definition 1.1. We say that M0 and its CR-algebra (κ0, v) are n-reductive if
(1.8) v = (v ∩ v) ⊕ vn,
i.e. if vr = v ∩ v¯ is a reductive Levi factor in v.
If (κ0, v) is n-reductive, then v is splittable. Indeed the elements of vn are nilpo-
tent and those of v ∩ κ0 semisimple. Having a set of generators that are either
nilpotent or semisimple, v is splittable (see [7, Ch.VII,§5,Thm.1]).
Let us consider the situation of §1.3 and keep the notation therein. The subman-
ifolds M0(p) are examples of compact K0-homogeneous CR submanifold of the
complex flag manifolds M. In [3, §6] it was shown that
Proposition 1.11. The inclusion M0(p) ֒→ M−(p) is a generic CR embedding. A
necessary and sufficient condition for M0(p) to be n-reductive is that
M0(p) = M+(p) ∩ M−(p).
2. Mostow fibration and applications to cohomology
We use the notation of §1.6. Let V be the analytic subgroup of K with Lie
algebra v and V0 the isotropy subgroup at p0 ∈ M0, having Lie algebra v0 = v∩κ0 .
Proposition 2.1 ([3, Theorem 26]). If M0 is n-reductive, then V is an algebraic
subgroup of K and the natural map
M0 = K0/V0 −→ M− = K/V
is a generic CR embedding. 
When, as in §1.3, M0 is the intersection of two Matsuki dual orbits in a complex
flag manifold, M− has a compactification ˜M− which is a complex projective variety.
Thus, in principle, we can study its Dolbeault cohomology by algebraic geometric
techniques. On the other hand, by Mostow’s decomposition (see [23, 24]) we know
that M− is a K0-equivariant fiber bundle over M0, whose fibers are totally real Eu-
clidean subspaces. We can exploit this fact for constructing an exhaustion function
on M− whose level sets can be used to relate the tangential CR cohomology of M0
to the Dolbeaut cohomology of M−.
2.1. Mostow fibration of M− (I). The isotropy V0 is a maximal compact sub-
group of V and, putting together the Levi-Chevalley decomposition of V and the
Cartan decomposition of Vr, we have a diffeomorphism
(2.1) V0 × v0 × vn ∋ (x, Y, Z) −→ x · exp(iY) · exp(Z) ∈ V.
Then by [24, Theorem A] we can find a closed Euclidean subspace F of K such
that ad(y)(F) = F, for all y ∈ V0, and
(2.2) K0 × F × v0 × vn ∋ (x, f , Y, Z) −→ x · f · exp(iY) · exp(Z) ∈ K
is a diffeomorphism.
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Let b be an Ad(K0)-invariant scalar product on κ0 and set
m0 = ((v + v) ∩ κ0)⊥, m = C⊗m0.
Since1 vn ⊕ v¯n = vn ⊕ ([vn ⊕ v¯n] ∩ κ0), we obtain the decomposition
κ = κ0 ⊕ im0 ⊕ (i v0 ⊕ vn).
which suggests that exp(im0) could be a reasonable candidate for the fiber F of the
Mostow fibration. Let us consider the smooth map
(2.3) K0 × m0 × v0 × vn ∋ (x, T, Y, Z) −−→ x · exp(iT ) · exp(iY) · exp(Z) ∈ K.
Proposition 2.2. The map (2.3) is onto and we can find r > 0 such that its restric-
tion to {b(T, T ) < r2} is a diffeomorpism with the image. 
Let K0×V0 m0 be the quotient of K0×m0 by (x1, T1) ∼ (x2, T2) iff x2 = x1 · y and
T1 = Ad(y)(T2) and pi : K ∋ z → z · V ∈ M− the canonical projection. By passing
to the quotients, (2.3) yields a smooth map
(2.4) K0 ×V0 m0 ∋ [x, T ] −→ pi(x · exp(iT )) ∈ M−,
which is surjective and, when restricted to {b(T, T ) < r2}, defines a tubular neigh-
borhood Ur of M0 in M−. The function φ([x, T ]) = b(T, T )/(r2 − b(T, T )) is then
an exhaustion function of the tubular neighborhood Ur.
2.2. A local result. We can use Proposition 2.2 to precise, in this special case, the
size of the tubular neighborhoods of [13, Theorem 2.1]:
Proposition 2.3. Assume that M0 is q-pseudoconcave, of type (n, k). Then we can
find r0 > 0 such that Ur is is q-pseudoconcave and (n − q)-pseudoconvex and the
natural restriction maps
Hp, j
¯∂
(Ur) −→ Hp, j
¯∂M0
(M0)
are isomorphisms of finite dimensional vector spaces for 0 < r < r0, for all
0 ≤ p ≤ n + k and either j < q or j > n − q. 
2.3. Mostow fibration of M− in the HNR case (II). In [19] the Authors show that
(2.3) and (2.4) are not, in general, global diffeomorphisms. To single out a large
class of of compact homogeneous n-reductive CR manifolds having a nice Mostow
fibration, they introduce the following notion2.
Definition 2.1. The CR algebra (κ0, v) is HNR if v = (v ∩ v) ⊕ vn and
q = {Z ∈ κ | [Z, vn] ⊂ vn} is parabolic.
Note that, when (κ0, v) is n-reductive, it is always possible to find a parabolic
q in κ with v ⊂ q, q = (q ∩ q¯) ⊕ qn, and vn ⊂ qn. Then (κ0, vr ⊕ qn) is HNR and
describes a stronger K0-homogeneous CR structure on the same manifold M0.
Proposition 2.4. If its CR algebra (κ0, v) is HNR, then (2.3) and (2.4) are diffeo-
morphisms.
In this case M− admits a Mostow fibration with Hermitian fiber.
1In fact, if ¯Z ∈ v¯n, then ¯Z = −Z + (Z + ¯Z), with Z = ¯¯Z ∈ vn and Z + ¯Z ∈ κ0. The sum is direct
because vn ∩ κ0 = {0}.
2Actually they consider a slightly less restrictive condition, which is related to a notion of weak
CR-degeneracy for homogeneous CR manifolds that was introduced in [22].
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2.4. Application to cohomology. In the HNR case we can use φ([x, T ]) = b(T, T )
as an exhaustion function on M−. Assume that M0 has type (n, k). It is shown in
[19] that, for T ∈ m0 and ξ = b(T, · ) ∈ H0p0 M0, if the Levi form Lξ has signa-
ture (λ+(ξ), λ−(ξ)), then the complex Hessian of φ at the point pi(x · exp(iT )) has
signature (λ+(ξ) + k, λ−(ξ)). Then we get
Proposition 2.5. Assume that M0 is q-pseudoconcave and has a CR algebra which
is HNR. Then M− is q-pseudoconcave and (n − q)-pseudoconvex and the natural
restriction maps
Hp, j
¯∂
(Ur) −→ Hp, j
¯∂M0
(M0)
are isomorphisms of finite dimensional vector spaces for 0 < r < r0, for all
0 ≤ p ≤ n + k and either j < q or j > n − q.
Proof. The statement follows from [5] and the computation of the signature of the
exhaustion function φ. 
3. Example: General orbits of SU(p, q) in the Grassmannian
Let us consider the orbits of the real form G0 = SU(p, q) of G = SLp+q(C) in
Grm(Cp+q). We assume that p ≤ q. Let h be the Hermitian symmetric form of
signature (p, q) in Cp+q employed to define SU(p, q).
The orbits of G0 are classified by the signature of the restriction of h to their
m-planes: to a pair of nonnegative integers a, b with
(∗) a + b ≤ m, p0 = max{0,m − q} ≤ a ≤ p, q0 = max{0,m − p} ≤ b ≤ q,
correspond the orbit M+(a, b) consisting of m-planes ℓ for which ker(h |ℓ) has sig-
nature (a, b).
To fix a maximal compact subgroup of SU(p, q) we choose a couple of h-
orthogonal subspaces W+ ≃ Cp, W− ≃ Cq of Cp+q, with h > 0 on W+, h < 0
on W−, Cp+q = W+ ⊕ W−. Then K0 ≃ S(U(p) × U(q)), and K = C⊗K0 ≃
S(GLp(C) × GLq(C)), with the first factor operating on W+ and the second on
W−. The orbits of K in Grm(Cp+q) are characterized by the dimension of ℓ ∩ W+
and ℓ ∩ W−. Let us set, for a, b satisfying (∗),
M+(a, b) = {ℓ ∈ Grm(Cp+q) | h |ℓ has signature (a, b)},
M−(a, b) = {ℓ ∈ Gr m(Cp+q) | dimC(ℓ ∩ W+) = a, dimC(ℓ ∩ W−) = b},
M0(a, b) = M+(a, b) ∩ M−(a, b).
To describe the CR structure of M0(a, b) it suffices to compute the Lie algebra of
the stabilizer in K of any of its points. Let e1, . . . , ep be an orthonormal basis of
W+ and ep+1, . . . , ep+q an orthonormal basis of W−. Set c = m − a − b and n1 = a,
n2 = c, n3 = p − a − c, n4 = b, n5 = c, n6 = q − b − c. Let us choose the base point
p0 = 〈e1, . . . , ea, ea+1 + ep+b+1, . . . , ea+c, ep+a+c, ep+1, . . . , ep+b〉 ∈ M0(a, b). Then
v =





Z1,1 0 Z1,3 0 0 0
0 Z2,2 Z2,3 0 0 0
0 0 Z3,3 0 0 0
0 0 0 Z4,4 0 Z4,6
0 0 0 0 Z2,2 Z5,6
0 0 0 0 0 Z6,6


∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Zi, j ∈ Cni×n j



∩ slp+q(C).
We see that (κ0, v) is HNR and M0(a, b) has CR dimension
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n = n1n3 + n2n3 + n4n6 + n2n6.
We have
m =





0 W1,2 0 0 0
W2,1 W2,2 0 0 0 0
0 0 0 0 0 0
0 0 0 0 W4,5 0
0 0 0 W5,4 −W2,2 0
0 0 0 0 0 0


∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Wi, j ∈ Cni×n j



∩ slp+q(C)
and hence the CR codimension of M0(a, b) is
k = n1n2 + n2n4 + n22 = n2(n1 + n2 + n4).
We observe that for c = 0 the M+(a, b) are the open orbits, while the minimal
orbit of G0 is M+(p0, q0). Then M0(a, b) is µ-pseudoconcave with
µ = min{p − a − c, q − b − c},
and M−(a, b) is µ-pseudoconcave and (n − µ)-pseudoconvex.
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